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Fuel cell compartments are of two types: through-flow 
and dead-ended. Dead-ended anode and cathode compart- 
ments are used when pure reactants are available, such as 
hydrogen and oxygen in space vehicles. Gases enter the 
compartment only upon load demand due to a reduction 
in pressure in the cavity. But even ultrapure fuels and oxi- 
dants have some impurities which accumulate and cause a 
drop in voltage due to dilution of the reactants. In Part I 
of this study (1) we obtained concentration profiles as a 
function of time for the case when the flow in the fuel cell 
can be considered one-dimensional. We also suggested a 
method of improved operation of a fuel cell involving 
bleeding of inerts. This was based on the observation that 
the inerts accumulate near the dead end of the cell. 

The assumption of one-dimensionality of flow and dif- 
fusion in an actual fuel cell must, however, be questioned. 
This is due to the fact that the inlet ports are made quite 
small. The size of the opening, for example, in some of 
Allis-Chalmers cells, is about 1 .mil in diameter as com- 
pared with a cell width of 4 in. In the one-dimensional 
model, the inlet port corresponds to the full 4-in. width. 
In the present two-dimensional model, the ports can be 
point sources or have any desired width. 

In the one-dimensional model (1, 2 )  it was possible to 
obtain the solution for the buildup of inerts by considering 
only the reacting species equation and the continuity 
equation. The flow field was obtained by simple quadra- 
ture of the current density. For the two-dimensional prob- 
lem, we have to consider the fluid mechanics in the fuel 
cell cavities. The flow would be simply creeping motion, 
called Hele-Shaw flow, were it possible to have empty 
cavities, since the Reynolds number is small (2) .  How- 
ever, structural rigidity, desirability to have current col- 
lectors contacting the electrodes, and the necessity to re- 
move heat by conduction apparently led Allis-Chalmers to 
build the gas compartments with a complex internal struc- 
ture. In an earlier study (3 ,  4 ) ,  it was shown that the flow 
field can be successfully described by the use of Darcy’s 
law. Two empirical permeabilities were determined for a 
typical Allis-Chalmers flow configuration, one for the basic 
direction of flow and the other for the perpendicular direc- 
tion. Using these values, theoretical pressure curves based 
on the solution of the resulting Laplace’s equation for 
pressure were verified experimentally using an actual Allis- 
Chalmers fuel cell compartment (5). The agreement was 
such that we can safely use this model to describe our fluid 
mechanics in a dead-ended cell operated under load, with 
bleed or even during the purge operation, 

MATHEMATICAL MODEL 

Consider a thin rectangular cavity into which a gas con- 
taining a small amount of impurity enters through a small 
opening (Figure 1). The gas reacts electrochemically on 
one side of the surfaces and disappears. The contaminant 
remains in the cavity and acts as a dilutant. The product 
water of the electrochemical reaction either leaves through 
the electrochemical face or is removed in the other cham- 
ber through a water removal plaque and is not important 
in this analysis. 

In Figure 1 the chamber is taken to be h thick, and for 
this development, all properties are considered to be aver- 
aged in the direction perpendicular to the electrode sur- 
face. The conservation of reacting gas a is given in weight 
units by (after the usual limiting procedures) 

nhich states mathematically the scheme 
(rate of accumulation of a )  

+ (net rate out by convection of a )  
= rate of generation of a in the element Ax by Ay 

y,, and qUy are the seepage velocity components of spe- 
cies a. 

When the term main or basic direction of flow is used 
in our discussion, it will refer to the x direction, because 
this is the principal direction of flow and is also the one- 
dimensioiial direction of flow. 

A similar equation is written for species b and added to 
Equation ( 1). This yields the continuity equation which 
is written for the purpose of the analysis to follow as 

- IMa a p  dP aP (%+%) _ - - -  hnF 6 -  at - 4”G - %lay 

(2)  
We now perform an order of magnitude analysis. Intro: 

duce the dimensionless variables, ad hoc 
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Fig. 1. Fuel cell chomber geometry. 
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which transform Equation (2)  into 

(3)  

Since k, and k, are of the order of h2 or less and the 
dimensionless partials are of the order one, the terms in- 
volving ( kX/P) and (k , /w2)  may be dropped with respect 
to the other terms on the right-hand side of Equation (4)  
to yield 

(5) 
IMa ap 

hnF at 
e -  

which constitutes the simplified continuity equation. 
Darcy's law is 

and 

( 7 )  

where P already stands for the perturbation pressure in 
the cavity. The inlet pressure is maintained constant, so 
that only small differences in pressure produce the driving 
force for motion. 

Since p = Ca Ma + CI, M,, + CH~O MHZo and we know 
that C, the total molar concentration, is constant for an 
ideal gas under isothermal conditions, we obtain dp = 
tfCa * ( M A  - M , ) .  We may then write 

Use of Darcy's law, together with Equation (8), trans- 
forms the continuity equation, Equation (5), into 

It is easy to show, using the dimensionless groups, that 
the accumulation may be neglected to within an order of 
magnitude of a few percent as compared to the load if the 
time is scaled by the experiment time. This is typically of 
the order of an hour or more. Therefore, we drop the un- 
steady terms in both Equations (5) and (9). 

The use of Fick's law of diffusion 

in the steady form of the simplified continuity equation 
causes the species a equation to assume the form 

ex and ey act a s  sort of tortuosity factors to account for the 
circuitous paths of diffusion in the web-type cavity. They 
can be related to ratios of open areas in the two directions 
of flow. 

Use of the two easily derived relations which relate the 
molar and weight-averaged seepage velocities for constant 
total molar concentration C 

in Equation (12) results in 

Ma Dab(Ma - M b )  
P 

+ 
\Ve now drop the square of the partial derivatives with 
respect to x and y, as is the accepted practice, for example, 
see reference 6. This is reasonable although not necessary 
for our method of solution in view of the following situa- 
tion. 

I t  was seen in the one-dimensional model that the deriv- 
ative of the concentration was primarily changing only 
across a blurred front. Near the entrance port, C a  is con- 
stant and so the derivative is nearly zero. Past the front, 
the inert has accumulated and thus the derivative of Ca is 
again zero. Therefore the molar and weight-averaged seep- 
age velocities differ only across this front at different 
times. In addition, the 2 - D eflect is largely a correction 
to the more desirable 1 - D flow, and the 1 - D model is 
exact. Therefore, since the effect is fairly localized, we 
will write, from Equations (13) and ( 14) 

qxQ = qx and qy" = q, (16) 
If Ma = Mb, then Equation (16) is exact as seen from 
Equations (13) and (14) .  

The final form of the equations we concern ourselves 
with is 

Species equation: 

ax, ( 1  - x , )  IMa 8% 
e - +  + qx" -&- + q u 4  5- 

at  hnFp aY 

Continuity equation: 

Velocity components (Darcy's law) : 
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DIMENSIONLESS EQUATIONS AND 
BOUNDARY CONDITIONS 

Thus, for the case of nearly constant density, the intro- 
duction of the dimensionless variables transforms Equa- 
tions (17) to (20) into 

Species equation: 

ax, axa - axa - + (1 - xa)$  + T X ”  y + qr* - 
88 ax a y‘ 

Continuity equation: 

a2 P a z F  
-+ a X z  ($)F- - $  

Velocity components (Darcy’s law) : 

The same set of equations applies for the purge cycle 
or bleed as well, because the average velocities are still 
very low. The only modifications that are necessary are in 
the boundary conditions. 

The set of boundary conditions that we now consider 
represents the point-source problem with a specified reac- 
tant purity at the pinhole opening and dead-ended oper- 
ation. The species equation boundary conditions are as 
follows: 

Gsource 

At the pinhole opening (0, ’) in the dead-ended cell, 
there is a point source of unknown pressure strength Q. 
Everywhere else, aF/an = 0, where n is an outward- 
drawn normal. In the next two sections we drop the bars 
over the dimensionless independent variables for conveni- 
ence. 

METHOD OF SOLUTION 

The system of partial differential equations to be solved 
closely resembles that encountered in the solution of the 
complete incompressible two-dimensional Navier Stokes 
equations ( 7 ) .  Our diffusion equation, Equation (21), 
corresponds to the vorticity transfer equation. Our con- 
tinuity equation for the pressure corresponds to the equa- 
tion for the stream function. In both cases the velocity 
components are obtained by differentiating the solution 
obtained from the Poisson’s equation, Equation (22). 
This means that in both cases we have to have inter- 
mediate results correct to a considerably larger number 
of significant figures than the final answers in order not 
to lose all accuracy in the numerical differentiation. In 
part due to this difficulty solutions of the Navier-Stokes 
equations are known to require of the order of 10 hr. on 
fastest computers. To avoid this expense, we decided to 
solve our Poisson’s equation analytically using Green’s 
functions. 

The solution of the nonhomogeneous Laplace’s equa- 
tion, Poisson’s equation, Equation (22), can be written 
using Green’s function theory (3, 8 )  as 

. .  

sink 

Conservation of mass requires that the inlet mass be 
equal to the consumption, which gives 

Q = $’ Soy + ( x f f Y  y”) dx” dy” (27) 

The Green’s function used previously (3) was reduced to 
single-sum expressions. I t  may be written as 

G(x, y; x‘, y’; X N ,  y”) = Gsource (x, y; X’Y y’) 

- Gsid ( ~ 9  y; x”, y”) (28) 
where 

cos(mby) cos(mby’) cosh[am(l - x) ]  cosh(amx‘) 
m sinh(am) 

(29) 
Gsink ( xf ,  yf ;  x’~, y l f )  is identical to Gsou,e ( X, 9; xf, 9’) ex- 
cept that (x f ’ ,  y”) replaces (x‘, y’) everywhere in Equa- 
tion (29) .  It  will be noted that the single primes denote 
the source coordinates and the double primes denote the 
sink coordinates and bars have been dropped over x and y. 

We start operation of the fuel cell with a uniform com- 
position. For a given current density, such as for the di- 

( 2 5 )  

mensionless current density Q/r equal to 1, we can obtain 
where y’ is the position of the pinhole opening and 7 = an analytical solution for the pressure distribution. In the 
W / l .  next section we call this distribution corresponding to zero 
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axa 
-- (e, l , ? )  = 0; Xa (8, 0,y’) = x a o ( 0 )  

ax, 

a x  

-= (e, o,y) = 0, except at (0,y’) 
a x  



time To. Then knowing Po we can obtain the velocity 
components from Darcy’s law, Equations (23) and (24). 

To obtain the concentration distribution at  some later 
time we use these velocity components in the diffusion 
equation. We  finite difference Equation (21) using a two- 
dimensional analog of the computational scheme given in 
Part 1 (1 ) . We again satisfy the sufficient stability condi- 
tions of Keller (9). Having obtained the concentration 
distribution at  some later small increment of time, we cal- 
culate the current distribution using the same polarization 
information and path of operation as in Part I. 

For this new non-uniform + in Equation (22) we must 
calculate the new pressure distribution. Since +(x, y) is 
known only as an array of numbers, it is fit to a bilinear 
expression in each of the number of subregions of the 
rectangle ( 1  x 7) as shown in Figure 2. A coarser grid 
Ax‘ by Ay’ is superimposed on the finer grids Ax by AY of 
+(x, y) and @j(x, y )  is fit in each of the indicated regions. 

The approximation used for +(x, y)  in each rectangular 
region is (1 0) 

(30) 
where 

q,ij(x, y)  = AU + pi x + Cij y + Dii xy 

Y 

xi-1 +”’) + + i - l , j - l (  1 + ax’ 
A!/ 

I 
A”+ B 1 ’  x t C I J y + d J  x y  

AY 

I 

Fig. 2. Geometry for approximating $ in subregions of the rectangle 
(1 x 7) .  

Page 1134 September, 1971 

i ranges from 1 to NY where NY = y / ~ y ’ .  The range of 
validity for Jlij is xiPl 6 x L xi, yjIj-l L y L yj. 

The pressure at the point (x, y )  due to a source at (0, 
9’) can be represented in the form 

- Q -  
P(x,y;O,y’) =- - ‘PO(x,y;O,y’ )  - P ’ ( x , y )  (35) 

Y 
and the velocity components as 

and 

The partial derivatives were approximated by three- 
point Newton’s forward or backward difference interpola- 
tion formulas which are accurate to Ax2 and Ay2. W e  note 
that the source discontinuity in pressure occurs only in Po 
for which an analytical expression is given in the next sec- 
tion. Thus P 1  and its derivatives are analytic functions. 
The complete expression for the pressure is given in the 
Appendix. Details of computation and a computer pro- 
gram are given in Lyczkowski’s thesis ( 2 ) .  

UNIFORM CURRENT DISTRIBUTION 

Uniform current density occurs in a fuel cell if a power 
load is applied to a fresh module which has an initially 
uniform reactant gas composition. We  may transform the 
pressure problem with uniform current density generation 
in a fuel cell chamber into a simpler problem. Let P = u 
+ 9 / 2 .  This transforms the nonhomogeneous Laplace 
equation into the homogeneous one (Figure 3) .  This 
trnnsform leaves three sides at zero flux and one side, (x  
= I ) ,  at a uniform negative unit flux. The significance of 
this unit flux is as follows. As far as the pressure distribu- 
tion is concerned, the effect of consuming the mass electro- 
chemically over the entire electrode area may be simulated 
by removing the same quantity of mass at  constant flux 
dong the entire width of the dead end of the fuel cell. 
In either case, the amount of material entering through the 
pinhole opening must equal the amount leaving. The prac- 
tical application is as follows. Measurements made of the 
pressure distribution in a thin rectangular chamber that 
has a pinhole opening at one end and only a constant mass 
removal at the other may be used to calculate the pressure 
distribution in the same chamber with uniform mass re- 
moval, either electrochemically or physically, through one 
or more faces perpendicular to flow. 

The solution for the u problem (right side of Figure 3) 
is simple, because only a single line integral need be per- 
formed. Therefore 

u ( x ,  y; 0, y) = Y * Gsource(X, y; 0, y’) 

d P  I 

d r  
- =  

I x 
J ”  

J r  

I 
- - ; o  

Fig. 3. Conversion of the uniform current generation problem to the 
constant mass flux removal problem for pressure distribution. 
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where r is the boundary contour and n is the outward 
drawn normal. For the situation shown in Figure 3 

The integral yields x2/2 - 1/6 so that the result for To 
is the same as obtained below except for an additional 
added constant of 1/6. This added constant makes the 
perturbation pressure zero at the dead end of the cell at 
zero time. The absolute value of P is not unique; however 
differences in pressure needed in this study are unique. 

The pressure distribution for unit dimensionless current 
density, Q / y  = 1, can also be obtained by integration of 
Equation (26) using the Green’s function given by Equa- 
tion (29).  The result suitable for computation is as fol- 
lows: 

x (1 - 2e-a3ncos [b(y  + y’)] + e (40) 

The velocity components are 
- 
q x o  = 1 - x 

and 

2 > x > o  
y A y h 0  

- 1 N  sin[b(y + Y’) 1 
“O = T [ cosh(axn) - C O S [ ~ ( ~  + y’)] 

+ s w x y  - y’) 1 1 .  (2)” 
cosh (ax,) - cos [ b  ( y - y’) 1 

and where 

xo = x x 1 = 2 - ~  and 

X2n = ~ 2 n - 1  + 2% n = l , 2 ,  ... (42) 
xZn+1 = X2n + 2 - 2% n = 1,2, . . . 

N is chosen so that the nth term differs from the term 
before it by some small quantity Q which may be made 
arbitrarily small, for instance 10-2O. I t  was found that for 
realistic situations, N = 1, in general, so that Equations 
(40) (41), and (42) are closed-form approximate solu- 
tions to the problem. 

Two runs were made: y = 1.0, k x / k ,  = 1.0, and y‘ = 
0.5; and y = 0.60, k, /k ,  = 8.1, and y‘ = y /4 .  The first 
run represents Hele-Shaw flow and illustrates the most 
two-dimensional case possible; the second case approxi- 
mates the Allis-Chalmers oxygen chamber (11 ) . 

The dimensionless zero time perturbation pressure PO is 
plotted in Figure 4. Only one-half of the cell is shown, the 
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left half, since symmetry is present about = 0.5. The 
fact that the pressure F i s  positive or negative means that 
the total pressure is either above or below 36.7 lb./sq. 
in. abs. In this figure and all the rest, the dead-ended part 
of the cell is at the top and the entrance port at the bot- 
tom. Near the source, circles are obtained for constant p’o. 
Circles represent the solution to the problem of a continu- 
ous point source in an infinite medium. Near the dead end, 
straight lines indicate that this part is one-dimensional. 

Figures 5 and 6 are plots of constant x and y direction 
seepage velocity components. In Figure 7 we plot the 
speed. This type of plot shows that the fastest flowing fluid 
is near the source, and that stagnation occurs in the cor- 
ners and near the dead end. A stream function will exist 
only if we equate the species velocities to the bulk veloc- 
ities at every point, as done in a related problem by 
Winsel (12, 13). This is true only when diffusion is negli- 
gible. 

Typical results for the Allis-Chalmers (11) fuel cell 
configuration are shown for pressure and speed in Figures 
8 and 9. When one compares the pressure lines of Figures 
4 and 8, it becomes obvious that the second figure exhibits 
far more one-dimensionality than the first. In addition, 
since the permeability ratio is no longer unity, ellipses 
result near the source with the longer axis in the direction 
of the larger permeability. Since the source is off center, 
the speed lines have become much more complicated as 
evidenced by comparing Figures 7 and 9. A very small 
area of slow-moving fluid is to the left of the source, and 
a larger area is to the right of the source. Beyond 7 = 0.4, 
the cell is essentially one-dimensional. 

CHECKS AND BALANCES 

After all these approximations and operations we must 
have some numerical checks. One of the most important 

O9 t 
I - 0 15 

0.7 0 8 L  
-0 I 

0.1 A VJ Z I  

g03[ 0 2  

Fig. 4. Lines of constant dimensionless pcr- 
turbation pressure PO at zero time (7 = 1.0. 
kz = kg = hz/12, y’ = 0.5, h = 0.00406 ft.). 

September, 1971 Page 7 735 



02 
0.8 - 4 
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03 

07 

0 7 t  

. .  
CE 

Fig. 5. Lines of constant dimensionless x di- Fig. 6. Lines of constant dimensionless y di- Fig. 7. Lines of constant dimensionless speed 
rection seepage velocity q t O  a t  zero time rection seepage velocity, q y O  a t  zero time q a t  zero time (y  = 1.0, k, = k, = h2/12, 
(7 = 1.0, k, = k g  = hz/12, y’ = 0.5, h = (y  = 1.0, k, = h’/12, y’ = 0.5, h = 

0.00406 ft.). 0.00406 ft.). 
y’ = 0.5, h = 0.00406 ft.). 

of these is a verification of the satisfaction of the continu- 
ity equation in the form 

(43) 

for constant density. Integration of Equation (43) over an 
arbitrary closed region A, and use of Green’s theorem in 
the plane, produces 

(44) 
When the line integral indicated is used over the bound- 
aries y = 0, y = w, x = 0 and any arbitrary line x = X ,  
we obtain 

- J qt  dy = Qconsumed - Qsource 

10 

which may be rearranged in dimensionless form as 

If there is a leak across x = X ,  the result of Equation (46) 
will be negative. The balance was performed for eight 
points inside the rectangle. It was found that the maxi- 
mum error in Equation (46) was always within several 
tenths of a percent. 

The mass balance in time may be derived by integrat- 
ing the species equation over time and space and using all 

the boundary conditions. The result is 

(47) 

Equation (47) relates the average concentration of the 
inerts in the cell to the total current drawn up to time 0. 
This equation was used as a check to see whether errors 
were accumulating as time progressed. I t  was satisfied 
quite closely ( 2 ) .  

COMPUTATIONAL RESULTS 

The Hele-Shaw flow case represents the most two- 
dimensional case and shows the trends most clearly. There- 
fore we discuss it first. Here the porosity and permeability 
ratios are equal to unity as are the open area factors. All 

0.6 

v) 0.3 
v) w 
z 

0 0.1 I 

T 
DIMENSIONLESS LENGTH ,X = X I &  

Fig. 8. Lines of constant dimensionless perturbation pressure P O  a t  
zero time (-,, = 0.6, k , /k ,  = 8.1, y’ = y/4). 
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0"' 0.1 0.2 a3 0.4 0.5 0.6 0.7 0.0 0.9 1.0 

Fig. 9. Typical lines of constant speed for an Allis Chalmers dead- 
ended fuel cell at zero time (7 = 0.6, ky/k, = 8.1, y' = 0.15). 

DIMENSIONLESS LENGTH .T=x/d 

results were obtained using a Univac 1108 Mod I1 and 
an IBM 360/75 computers. These machines compare 
closely in running time. The computation time for the 
two-dimensional model is slightly lower than the experi- 
mental fuel cell operating time, using these machines. 

Figure 10 shows lines of constant concentration for the 
inlet port opening placed at y ' = 0.15 for a cell chamber 
(1.0 x 0.6) dimensionless units. The inlet purity of fuel 
is xa = 0.99. The elapsed time is approximately 14 min. 
The figure reveals that like the one-dimensional model 
the inerts are accumulating at the far (extreme right of 
the figure) end of the cell. However, since the inlet port 
is asymmetrically placed, the speed is lower in the far 
upper corner than in the far lower corner. Consequently, 
inerts build up there first. This fact is quite clearly repre- 
sented in Figure 10 by an elliptical region for 0.70 mole 
fraction of inert in the upper right-hand corner. Fortui- 
tously, the exit port of the fuel cell is also placed near this 

corner where the inert concentration is highest. Purging or 
bleeding at this time of 14.1 min. would initially remove 
inert gas of 70 mole % concentration. 

Figure 11 is a plot of the inert distribution for an 
elapsed time of 26.5 min. The dead-ended portion of the 
cell is becoming more one-dimensional owing to the 
blanketing effect and almost complete lack of reactant. 
Since the velocity is practically zero here, no fresh gas 
can enter. The two-dimensional effect is most pronounced 
in the band where the concentration is changing the most 
rapidly. Once again, near the left hand of the graph, the 
concentration becomes more one-dimensional owing to the 
rapid flow of gases. 

Realistic cases were run using the permeabilities for an 
Allis-Chalmers cell. The permeability ratio used is from 
Sareen and Gidaspow's ( 5 )  study which is for the hydro- 
gen chamber. The oxygen chamber permeability ratio 
should be slightly lower since the slotting is less extensive. 
The results for the run are presented in Figure 12 where 
lines of constant mole fraction of inert are drawn. The 
characteristic elliptical area of inert buildup in the upper 
right-hand corner is again present as it was for the case 
of an empty chamber, however, it is both much thinner 
and more elongated as compared to that in Figure 10. It 
is also obvious that the inert distribution is almost com- 
pletely one-dimensional, as evidenced by the straightness 
of the constant mole fraction lines. 

I t  is now possible to make a comparison of our results 
with both the one-dimensional model and the one experi- 
mental run of Allis-Chalmers. This is done in Figure 13. 
The value of h, used for the one-dimensional model is the 
same used in Part I of this study (1, 2 ) ,  and represents 
very nearly the height of two grooves in the direction of 
flow. The value of ha,, which is the cell's volume to surface 
ratio, is picked such that we compare the same cell vol- 
umes for both the one- and two-dimensional models. Since 
we do not know the exact conditions of the Allis-Chalmers 

~ , ~ l o i  

I 
n 
- 

0 0. I 0.2 0,3 0,4 0.5 0,6 0,7 0,8 089 1.0 
DIMENSIONLESS FUEL CELL LENGTH, X=x/A 

Fig. 10. Two-dimensional buildup of inerts in a dead-ended fuel cell cavity a t  t = 14.1 min. 
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0 01 I 0#2 0,3 014 0,s 0-6 017 0,8 019 1,o 
DIMENSIONLESS FUEL CELL LENGTH,K=x/a 

3 0.6- 

1: - 0.5 

0.4 

J 

0 
J 

? 0.2 

v) 

g kTs i 2 ’ 

o,3 

0 ,  
- 5  0 

Fig. 11. Two-dimensional buildup of inerts in a dead-ended fuel cell cavity a t  t = 26.5 min. 

#,=0.674 *). m 1 . 0  
ky/hx=8.1 hX=2.2X lO-’sq f t  

-h  = 1 . 7 8 1 X  I p s q  f l  e.0.63 
CHAMBER HEIGHT so.09in. 
CELL LENGTH -6.75 in. 
CELL WIDTH ~ 4 . 0 6  in. 
TOTAL ELAPSE0 TIME ~15.9 min. 

DlFFUSlVlTY 

- 
-DIMENSIONLESS .o.o17g 

NOMINAL AT ISSrnin. 
LOAD- - 6.095 ohmaq em 6095 ohm-aq en 

SCURRENT 
150 m A / q  ern 1466 rnAfrq cn - VOLTAGE 

0.914 volt 0.893 volt 

I I I I 

experiment, a value of e was chosen so that the two-dimen- 
sional results agree as closely as possible to the experimen- 
tal average current density. This amounts to adjusting the 
time scale since e scales the actual time. 

Figure 13 shows that with a value of e = 0.63, the two- 
dimensional results fall right on the experimental curve for 
short times. As time progresses, the two-dimensional plot 
lies slightly above, and then decreases until it crosses the 
experimental curve; then it lies slightly below. The maxi- 
mum deviation from the experimental run is -1-2 mamp./ 
sq.cm. The one-dimensional results lie below the experi- 
ment, cross at two closely spaced points, and then fall off 
too rapidly until they are in poor agreement for longer 
time. In a least squares sense, the two-dimensional model 
agrees better with the experimental results than do the 
one-dimensional results. 

The amount of computer time necessary to run a typi- 
cal realistic case is excessively high when low amounts 

0.2 0. S. LENGTH,  0.6 0.7 Sr=x/J? 08 

1 CLOSED) 

0.9 1.0 

Fig. 12. Two-dimensional buildup of inerts in a typical Allis-Chalmers 
fuel cell a t  t = 15.9 min. 

of impurity are introduced. In addition, since the continu- 
ity equation is not satisfied identically, the calculations are 
quite sensitive in all aspects. A premature steady state 
condition is one manifestation of this sensitivity due to 
leaks, as discussed in the previous section. In light of this 
situation parametric studies are best done using higher 
impurity concentrations. A run employing realistic parame- 
ters was run with 5% inert. This high amount of impurity 
ciiuses a very rapid decay in time and tends to overshadow 
any effects that might be caused by slight dissatisfaction 
of the continuity equation. Local inert concentration 
buildup is shown in Figure 14. The right half of the fig- 
ure shows that the cell contains all inerts. Near the pin 
hole opening, an elliptical area exists for lower amounts 
of impurity. In addition, inert concentration is higher in 
the upper left-hand corner than in the lower left-hand 
corner since the speed is higher near the source. In con- 

z 
W 

+ z 
W 

144- 

- 0.853 

ONE DIMENSIONAL 

TIME, minutes 

Fig. 13. Comparison of one- and two-dimensional models to Allis- 
Chalmers experimental results for an oxygen chamber. 
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*x-0.674 *y=I.O 
ky/hx=4.0 h,~4.4Sx10’Taq 11 EXIT - 
kfl.78lXlO*aq 11 ‘=0.452 (CLOSED)-- 

CHAMBER HEIGHT 0.09h. - 
CELL LENGTH 6.75 in. 
CELL WIDTH 4.06 in 
TOTAL ELAPSED TIME 7.51 min 
DIMENSIONLESS 

PORT 

- 
0.85 DlFFUSlVlTY 0.01802 

5 ‘ 0  0.1 02 0.3 0.4 0.5 0.6 0.7 08 0.9 1.0 
DIMENSIONLESS LENGTH, i i = X / !  - 

Fig. 14. Two-dimensional buildup of inerts in a dead-ended fuel 
cell cavity a t  t 1 7.51 min; 95% pure oxygen feed. 

trast to the concentration distribution for lower amounts 
of inert accumulation, Figure 12, two-dimensionality is 
much more in evidence here. 

It can be concluded from this study that for realistic 
parameters, two-dimensionality is not in great evidence 
for concentration profiles with a low inert buildup and 
relatively small current degradation. However, when a 
great deal of inert is allowed to accumulate, a pronounced 
two-dimensional distribution results. Nonetheless, for aver- 
age quantities, such as the current density, there is still 
quite close agreement with results produced from the one- 
dimensional model. For long times, the two-dimensional 
model begins to fall below the one-dimensional model. 
This trend is in the correct direction since the one-dimen- 
sional model begins to lie above the experimental curve 
(1 ,2) .  The average current density produced from the two- 
dimensional model would lie closer to an experimental 
curve than average current density produced from the one- 
dimensional model for longer times. 

To assess the effect of permeability ratio, another run 
was made with a different value of this parameter. The 
results are shown in reference 2. In general, changing the 
permeability ratio has little effect. Increasing this ratio 
does make the average current density resemble one-di- 
mensional results more closely. For shorter times, a higher 
permeability ratio makes results lower, and for longer 
times, it  makes the current density increase. Both of these 
tendencies make the two-dimensional results resemble one- 
dimensionality more closely. 

It should be pointed out that the rectangular geometry 
is only a special case. Once the Green’s function for the 
Neumann problem is obtained, the solution for the geome- 
try under consideration is, in principle, available, as shown 
in this paper. For example, the fuel cell problem with 
distributors near the inlet and the outlet leads to a three- 
region composite media problem for which the Green’s 
functions were recently constructed (14). 
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NOTATION 

a 
b = m / y ;  species b 

AlChE Journal (Vol. 17, No. 5 )  

= species a reactant gas; (k,/k,)  H ?r/y 

C = total molar concentration, 1b.-moles/cu.ft. 
C, = molar concentration of species a, 1b.-moles/cu.ft. 
Do = dimensionless diffusivity = c,D,bhnFC/l% 
Dab = binary diffusivity of reactant gas a in inert gas b, 

F = Faraday’s constant, 12,158 amp.-hr./lb.-equiv- 

G = Green’s function 
g ,  = gravity conversion factor, 32.2 (1bdlb . j )  (ft.1 

h = height of fuel cell cavity, ft. 
1 = current density, amp./sq.ft. 
Zo = average current density at  zero time, amp./sq.ft. 
k,, k, = permeabilities in Darcy’s law 
I = length of fuel cell cavity, ft. 
Ma, M b  = molecular weights of species a and b 
n = number of 1b.-equivalents per 1b.-mole (= 4 for 

P = cavity pressure, lb.,/sq.ft. 
P 

sq.ft./hr. 

alent 

sec.2) 

oxygen) 
- = perturbation pressure, ratio of pressure to viscous 

= FgchnFCkz/lzZ~~ 
= dimensionless speed = d( & ) z  + ( qr)2 

forces 

- 
q 
q,, qu = molar average seepage velocities in the r and 

q,”, qyo = weight average seepage velocities in the x and 

q,, q, = dimensionless seepage velocities = 

y directions 

y directions - -  

qx*u / (a 
Q 
t = time, hr. 
u, 
uT, u, = mass average velocity components in the x and 

w 
x 

x, y 
x, 
y = space coordinate, ft. 
(N’, y’) = source coordinates 
(x”, y”) = sink coordinates 

Greek Letters 
y = aspect ratio = w/l  

= ratio of actual volume to nominal volume of fuel 

ex, z, = ratios of actual to open area in the N and y direc- 

B 
,.L 

p 
pa 
I/I 
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= dimensionless flow as defined by Equation (27) 

= velocity of species a, ft./sec. 

y directions, = (pa u,,,, + Pb obs,g) /p, ft./hr. 
= width of fuel cell cavity, cm. 
= space coordinate in the main direction of flow, ft. 
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APPENDIX 

The final expression for pressure used in this study is shown 
in this section. I t  is obtained in the same manner as for e = 0 
by substituting Equation (30)  into Equation (26) .  In this 
case, however, the double integral over the entire rectangle is 
replaced by a double sum of integrals, each integrated over 
the smaller rectangle. When all the integrations are performed 
and the terms grouped, the solution for the pressure assumes 
the form given below. We call the reader’s attention to the 
variable [ which had to be introduced to keep track of the 
inequalities arising out of the single series representation of the 
Green’s function given by Equation (29) ,  and the use of the 
expression for P outside the range of the small rectangle within 
the fuel cell. 

Q P ( x ,  y; 0, y’) = - P O ( x ,  y; 0, y’) 
Y 

{ f [; (€2  - XZi--l) 

431 - + - Bii 2 cos(mby) - I * {C cosh [am( 1 - x ) ]  
1 U 

+ Fcosh (amx)}/[(mx)2sinh(um)l 

4x2 

a2 
+-Cij 2 cos (mby) * A -  

1 

{G cosh [am( 1 - x)] 

- H cosh (amx)}/ [ (mn)3~inh(am)1 

cos (mby) . B - {G cosh [am( 1 - x ) ]  
1 

- H cosh ( ~ r n x ) } / [ ( m n ) ~ s i n h ( a m ) l  

2x2 

a2 
f - Dii 2 cos (mby) . A * { C  * cosh [am( 1 - x ) ]  

1 

+ D cosh (amx)}/[(rnx)3 sinh(am)l 

BY( C . cosh [am( 1 - x)]  { 

B {D cosh [am( 1 - x ) ]  

+ F cosh a m } / [  ( m ) 5  sinh( am) I 
where, ad hoc 

A = yj sin(mbyj) - yj-1 sin(mbyj-1) 

mb Ay’ 147) B = sin [ m y  Yj-1) 

C = ( s i n h ( a m e )  -xi-1sinh(amxi-1) 

I [ am([ + xi-1) ] sinh [ am(t - xi-1) 
D = sinh 

E = 6 sinh [am( 1 - [ ) I  - xi sinh [am( 1 - x i ) ]  

2 2 

where 
x i  if x > xi 

x if x i h z % x i - 1  
E = { xi-I if x < x i - 1  
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